
Schur’s inequality 
 
 If a, b, c are all positive and  n ≥ 0  or n ≤ -1, then 
  an (a – b)(a – c) + bn (b – a)(b – c) + cn (c – a)(c – b) ≥ 0 
 
Solution 
 
(1) First let n > 0. 
 Without lost of generality, we may assume  a ≥ b ≥ c. 
 ∴ an ≥ bn ≥ cn. 
 ∴ an (a – b)(a – c) ≥ bn (a – b)(b – c)  and  cn (c – a)(c – b) ≥ 0 
 ∴ an (a – b)(a – c) + cn (c – a)(c – b) ≥ bn (a – b)(b – c) 
 ∴ an (a – b)(a – c) – bn (a – b)(b – c) + cn (c – a)(c – b) ≥ 0 
 ∴ an (a – b)(a – c) + bn (b – a)(b – c) + cn (c – a)(c – b) ≥ 0 
 
(2) If n = 0 
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(3) If n ≤ – 1,  
 
 Let  n = –m – 1  then  m = –n – 1≥ 0 

 Put  
γ

=
β

=
α

=
1

c,
1

b,
1

a , 

 

 then  )
11

)(
11

(
1

)ca)(ba(a
n

,,

n

c,b,a γ
−

αβ
−

α







α

=−− ∑∑
γβα

 

   ))((n

,, αγ

α−γ

αβ

α−β
α= −

γβα
∑  

   0))((
1 m

,,

≥γ−αβ−αα
αβγ

= ∑
γβα

,  by (1) and (2). 


